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Building on a recent investigation of the Shastry-Sutherland model [S. Wessel et al., Phys. Rev.
B 98, 174432 (2018)], we develop a general strategy to eliminate the Monte Carlo sign problem near
the zero temperature limit in frustrated quantum spin models. If the Hamiltonian of interest and the
sign-problem-free Hamiltonian—obtained by making all off-diagonal elements negative in a given
basis—have the same ground state and this state is a member of the computational basis, then the
average sign returns to one as the temperature goes to zero. We illustrate this technique by studying
the triangular and kagome lattice Heisenberg antiferrromagnet in a magnetic field above saturation,
as well as the Heisenberg antiferromagnet on a modified Husimi cactus in the dimer basis. We
also provide detailed appendices on using linear programming techniques to automatically generate
efficient directed loop updates in quantum Monte Carlo simulations.
I. INTRODUCTION
The sign problem represents the biggest obstacle in ap-
plying Monte Carlo techniques to resolve quantum many-
body problems. When present, it renders Monte Carlo
as a method that trades the exponential scaling of the
Hilbert space for an exponential scaling of the simula-
tion runtime. Even though a general solution to the sign
problem is unlikely [1], there exist many examples where
the sign problem has been overcome in specific models
[2–11].
One strategy that has been highly successful in elimi-
nating the sign problem from certain classes of frustrated
magnets has been the use of the dimer basis [9–15]. This
has resulted in the ability to efficiently simulate frus-
trated 1D ladder systems [9–12] and 2D bilayer systems
[10,13,15]. This technique was also applied to frustrated
systems such as the Shastry Sutherland model [16] that
still suffer from a sign problem even in the dimer basis
[14]. However, here it was noted that the sign problem
is remarkably mild and even disappears at low tempera-
tures in the dimer singlet phase. A similar reduction of
the sign problem was previously observed in frustrated
ladder systems in the dimer basis [12]. This motivates
the investigation of whether or not such a reduction in
the sign problem could generically be used to efficiently
study the physics of highly frustrated quantum systems.
To address this question, our goal in this work is to
explore the easing of the sign problem at low tempera-
tures in models of frustrated magnets. We will specify the
conditions that are necessary for this situation to arise
(as was pointed out in [14]), and explore two models that
demonstrate this behavior. We use two-dimensional frus-
trated Heisenberg models in a large magnetic field in the
Sz basis as the simplest illustration of the effect. For
this case we also provide a comparison of our statisti-
cally exact thermodynamic measurements with a mean
field treatment of the problem. We then move to the
dimer basis and study the Heisenberg antiferromagnet
on a modified Husimi cactus [17–19], which locally mim-
ics the kagome lattice. In Appendix A we provide details
on the Husimi Heisenberg Hamiltonian in the dimer ba-
sis. Finally in Appendix B we give explicit instructions
on the linear programming technique suggested in [20],
which greatly facilitates the implementation of directed
loop updates [21] in the dimer basis. This technique can
be used to fully automate the simulation of arbitrarily
complicated models, requiring only the local Hamiltonian
matrix as an input.
II. GENERAL CONDITIONS
Here we outline the general conditions that will re-
sult in an easing of the average sign at low tempera-
tures, as was first pointed out in [14]. We first require
that the ground state of the Hamiltonian of interest is
a member of the computational basis being used. Sec-
ondly, we require that this state is also the ground state
of the sign-problem-free Hamiltonian obtained by mak-
ing all off-diagonal matrix elements negative. The sign-
problem-free Hamiltonian is thus defined with respect to
the basis being used. With these two conditions met, the
ground state energy of the originally signed Hamiltonian
(H-) and the sign-problem-free Hamiltonian (H+) will be
the same, leading to an average sign that returns to one
at low temperatures.
The average sign can be computed as a ratio of parti-
tion functions that, using the fact that the ground state
energies are the same, can be expressed as
〈sign〉 = Tr(e
−βH-)
Tr(e−βH+)
=
1 +
∑
i e
−β∆-i
1 +
∑
i e
−β∆+i
, (1)
where β = 1/T is the inverse temperature and ∆+i , ∆
-
i
are the energy gaps for all excited states (relative to the
ground state energy) in the spectrum of H+, H-, respec-
tively. From here we can clearly see that 〈sign〉 → 1 as
T → 0. Also, increasing the size of the gaps will equally
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FIG. 1: The average sign as a function of temperature for the
triangular lattice Heisenberg antiferromagnet in a large exter-
nal field (h = 10). At fields above the saturation threshold for
H+ (h+s = 6), which is above the threshold for H
- (h-s = 4.5),
the sign returns to one at low temperatures.
cause an easing of the sign. We will now demonstrate the
utility of these principles to study the thermodynamics
of frustrated Heisenberg models.
III. FRUSTRATED HEISENBERG
ANTIFERROMAGNETS IN EXTERNAL FIELD
As the most simple demonstration of this effect, we
first consider frustrated Heisenberg antiferromagnets on
the triangular and kagome lattices in a strong magnetic
field. Taking the computational basis to be the standard
Sz spin values, we can write the Hamiltonians as
H∓ = J
∑
〈ij〉
(
Szi S
z
j ±
1
2
(S+i S
−
j + S
−
i S
+
j )
)
− h
∑
i
Szi .
(2)
It is clear that H+ does not suffer from a sign problem
since the off diagonal matrix elements are all negative.
And importantly, for large enough values of the external
field, H+ and H- will both have the fully polarized state
as the ground state with the same energy. Thus in this
limit we expect an easing of the average sign as ensured
by Eq. (1).
We have employed the stochastic series expansion algo-
rithm [22] using directed loops [21] to compute the finite
temperature properties of the Hamiltonian in Eq. (2).
In Fig. 1 we show the temperature dependence of the
average sign on L × L triangular lattices in a large ex-
ternal field, h = 10 (setting J = 1). To illustrate the
point, we have chosen the field to be well above the sat-
uration thresholds h-s = 4.5 and h
+
s = 6 for H
- and H+,
respectively. One clearly sees an intermediate tempera-
ture scale where the sign goes to zero upon increasing the
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FIG. 2: The specific heat and magnetic susceptibility mea-
sured in the same simulations as Fig. 1. We note that the
finite size effects in this large field are essentially negligible,
and even the L = 3 system from exact diagonalization agrees
with the thermodynamic limit. The numerical data is also
very close to the mean field prediction (MF).
system size, however at sufficiently low temperatures the
sign goes back to one as expected.
In Fig. 2 we show the specific heat and magnetic sus-
ceptibility measured in the same runs as in Fig. 1. Most
notably, we see that the data shows extremely small fi-
nite size effects, such that even the L = 3 data obtained
by exact diagonalization is essentially converged to the
thermodynamic limit. In fact a simple mean field treat-
ment of the problem also gives very good agreement at
such high fields, as also depicted in Fig. 2. In the fol-
lowing section we outline how this mean field prediction
was obtained and compare these results to our numeri-
cal data at smaller fields, studying as well the finite size
dependence.
IV. MEAN FIELD TREATMENT
We now perform a standard mean field decoupling of
the Heisenberg antiferromagnet in an external field, lead-
ing to a mean field Hamiltonian of independent spins in
an effective field:
HMF = −JNsNcm
2
2
− hm
∑
i
Szi . (3)
Here Ns is the number of sites, Nc is the coordination
number of the lattice, m ≡ 〈Szi 〉 is the magnetization per
site, and hm = h − JNcm is the effective field. The self
consistency condition is given by
m = 12 tanh(
βhm
2 ). (4)
3Given this, one can derive the form of Cv and χ:
Cv =
β2h2m
4 cosh2(βhm2 ) + βJNc
, (5)
χ =
β
4 cosh2(βhm2 ) + βJNc
. (6)
We have already seen that these mean field results com-
pare extremely well with the data obtained in very high
external fields. We would now like to make the compar-
ison with fields close to h+s, where an easing of the sign
first begins to appear at low temperatures. Fig. 3 shows
the average sign, specific heat, and magnetic susceptibil-
ity obtained on two small triangular lattice systems as
compared with the mean field prediction. We have cho-
sen small lattices here in order to observe the presence
of finite size effects. We find good agreement with mean
field theory away from the peaks of our measurements
and, as expected, deviations are largest where the sign
tends toward zero. Finite size effects are again essentially
absent, except below the threshold at low temperatures
where the sign is nearly zero.
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FIG. 3: The average sign, specific heat and magnetic sus-
ceptibility on small triangular lattice Heisenberg systems as
compared with the mean field prediction near the upper satu-
ration threshold h+s = 6. We see that the mean field prediction
agrees very well away from the peaks in our measurements,
and the strongest deviations are found when the sign goes to
zero and efficient simulations are not longer possible. Finite
size effects are invisible even on these small systems except
when the sign is nearly zero.
In Fig. 4 we have performed the same type of com-
parision, but this time for the kagome lattice. Here the
saturation thresholds for H- and H+ are h-s = 3 and
h+s = 4, respectively. Here we observe a similar absence
of finite size effects (except where the sign is nearly zero),
and agreement with mean field away from the peaks in
Cv and χ.
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FIG. 4: This figure is similar to Fig. 3, except on the kagome
lattice where the saturation thresholds are h-s = 3 and h
+
s = 4
for H- and H+, respectively. We find a similar agreement with
the mean field prediction away from the peaks in Cv and χ,
with better agreement at higher fields. Finite size effects on
these small system sizes are equally absent except where the
sign is nearly zero.
V. HUSIMI HEISENBERG MODEL IN DIMER
BASIS
We now move to a more sophisticated example of the
easing of the average sign at low temperatures. Here we
will be interested in ground states that are direct prod-
ucts of singlets, and we will choose the computational
basis of dimers (singlet and triplet) for each pair of sites.
Since the “all singlets” product state is a member of the
computational basis, we will find an easing of the sign
in the limit when the antiferromagnetic intra-dimer cou-
pling becomes large.
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FIG. 5: A modified Husimi cactus (Nleaf = 4, Nsite = 62),
which is centered on a bond instead of a site. The anti-
ferromagnetic Heisenberg model on this lattice has an exact
product ground state of singlets on the dimers (thick bonds)
when all bonds have equal strength. The energy gap above
this ground state can be increased by introducing intra-dimer
couplings (JD) and inter-dimer couplings (J) with JD/J > 1.
This allows us to tame the average sign at intermediate tem-
peratures.
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FIG. 6: The average sign, specific heat, and magnetic suscep-
tibility for the Husimi lattice antiferromagnet with the inter-
dimer coupling J = 1. Here we use clusters of size Nleaf
(Nsite) = 2(14), 3(30), and 4(62) in big red, medium orange,
and small green markers, respectively. The black line is ob-
tained by exact diagonalization for Nleaf = 2, showing perfect
agreement with the QMC. In each case the sign returns to one
at low T , though the severity of the sign problem at interme-
diate temperatures for JD = 1 prohibits the largest cluster.
Interestingly, we see the appearance of two distinct features
in the specific heat (see main text).
We choose to work with a slightly modified Husimi cac-
tus (see Fig. 5) such that the exact ground state of the
Heisenberg antiferromagnet is a product of singlets. The
Husimi cactus has been widely used as a means to ap-
proach the physics of the kagome lattice antiferromagnet,
whose structure it locally mimics [17–19,23–27].
Since the ground state is an exact product state, the
goal will be to study the thermodynamic behavior at fi-
nite temperatures. We have also introduced an intra-
dimer (JD) and inter-dimer coupling (J), which will fur-
ther allow us to control the average sign. The Heisenberg
Hamiltonian is then simply written as:
H = JD
∑
(i,j)∈
~Si · ~Sj + J
∑
(i,j)∈
~Si · ~Sj . (7)
It is worth noting the zero temperature phase diagram
of this model. As we have mentioned, the ground state
of this model with JD/J ≥ 1 is a product state of dimer
singlets. In fact, this phase persists on the finite clusters
that we have studied to JD/J < 1 as well. With exact
diagonalization we have verified on clusters with Nleaf =
1 and Nleaf = 2 that the phase boundary is JD/J ≈ 0.767
and JD/J ≈ 0.857, respectively. This can be compared to
the same phase boundary in the sign-problem-free model
(in the dimer basis), which occurs at JD/J ≈ 0.829 and
JD/J ≈ 0.949 for Nleaf = 1 and Nleaf = 2, respectively.
In the limit JD/J → 0 this model reduces to the
Heisenberg antiferromagnet on a bond centered Cayley
tree (with the center bond missing). This is a bipartite
lattice, and in this limit we expect long-range antifer-
romagnetic order in the ground state [28–32]. To the
best of our knowledge the phase diagram at intermedi-
ate values of JD/J is unknown, and unfortunately the
present method does not allow us to address this ques-
tion. In what follows we will consider only the regime
where JD/J ≥ 1.
The Hamiltonian can be expressed in the dimer basis
as we detail in Appendix A. A phase of −1 is also given
to Sz = 0 triplets on one sublattice to render the mini-
mum number of positive off-diagonal matrix elements in
H-. Due to the laboriousness of solving the directed loop
equations by hand, we have implemented the linear pro-
gramming technique suggested in [20] that automatically
determines all possible loop updating moves and proba-
bilities given the local Hamiltonian matrix elements as in-
put. We provide a detailed explanation of this approach
in Appendix B. Additionally, because the Hamiltonian
conserves the total spin on each dimer at the edge of the
lattice, we find that efficient sampling of the total spin
quantum numbers requires parallel tempering [33,34].
We now demonstrate the easing of the sign in the dimer
basis for the modified Husimi lattice in Fig. 6. Here we
consider several lattice sizes, labeled byNleaf , which spec-
ifies how many generations of leaves have been added to
the central dimer (Ndimer = 2
Nleaf+1−1). We have made
measurements of the specific heat and magnetic suscep-
tibility as a function of temperature for different values
of the intra-dimer coupling JD (setting J = 1). As ex-
pected, we find the sign going back to one as T → 0 in all
cases. We note, however, that the low temperature re-
gion for efficient simulations may coincide with the region
where Cv and χ are approximately zero. This is the case
when the sign problem at intermediate temperatures is
most severe, at JD = 1. Perhaps more importantly than
the sign returning to one at low T is the fact that the sign
can be controlled by increasing the value of JD. This al-
lows for the simulation of larger lattices. However, finite
size effects are also smaller in this limit.
Interestingly, we find the presence of a double peak
structure in the specific heat, which becomes more pro-
nounced as JD approaches J from above. This structure
persists on larger lattices, ruling out the possibility of a
finite size effect. The same features in the specific heat
have been previously observed in small Husimi cactus
clusters [17] as well as on the infinite Husimi lattice [25].
Similarly for the kagome lattice, various studies have
observed two distinct maxima [35–43] or a pronounced
shoulder feature [43–46], which can be attributed to the
presence of many low-lying singlet states [47].
VI. CONCLUSIONS
We have demonstrated, in two specific cases involving
frustrated Heisenberg antiferromagnets, the reduction of
the sign problem in QMC simulations at low tempera-
tures when the original signed and the sign-problem-free
5Hamiltonians have the same ground state and this state
is a member of the computational basis. As a first il-
lustrative example of this, we considered the Heisenberg
antiferromagnet on the triangular and kagome lattices
in a large external field. Although this example simply
demonstrates the general principle, it is not clear to what
extent it could be used to illuminate the thermodynamics
of frustrated antiferromagnets. In fields well above sat-
uration, where efficient Monte Carlo simulations become
possible, we found good agreement with the mean field
prediction and an almost complete absence of any finite
size effects.
In the second example involving the Heisenberg anti-
ferromagnet on the modified Husimi cactus in the dimer
basis, the results seem more promising. Firstly, in the
standard Sz basis, the sign problem would be much
stronger, most likely preventing any of the results that
we have obtained. More importantly, although the sign
returns to one away from the prominent features in Cv
and χ, we have a means of controlling the magnitude
of the sign by slightly favoring the intra-dimer coupling.
This allows us to ensure efficient simulations, while still
being able to observe interesting features in our physi-
cal observables, including two broad peaks in the specific
heat.
Possible extensions of this work would involve finding
other more exotic ground states that could be incorpo-
rated into a computational basis, such as the AKLT state
[48]. Ideally this basis should be chosen such that it not
only satisfies the general criteria that we have outlined,
but also so that the positive off-diagonal elements of the
Hamiltonian are minimized [49]. This would ensure that
the sign problem at intermediate temperatures would be
as mild as possible.
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Appendix A: Husimi Dimer Hamiltonian
Here we will give details on expressing the Hamiltonian
in Eq. (7) in the dimer basis. Firstly we can express the
Hamiltonian bond operator in terms of the total ~Ti =
~Sia + ~Sib and difference ~Di = ~Sia − ~Sib operators:
Hij =
JD
2ni
(~Ti · ~Ti − 32 ) + JD2nj (~Tj · ~Tj − 32 )+
J
2
~Ti · (~Tj ± ~Dj)− (J2 + JD4ni + JD4nj + ∆). (A1)
We indicate that there are two types of bond operators
that differ in off-diagonal signs depending on the dimer
orientation. One corresponds to taking + ~Dj , and the
other to − ~Dj . Furthermore, since all Hamiltonian terms
have been lumped into bond operators, the single dimer
terms depend on the coordination number for that dimer
(ni and nj for dimer i and dimer j). We have also sub-
tracted a constant to render all of the diagonal matrix
elements negative or zero, and ∆ ≥ 0 can be used to fur-
ther shift the matrix elements for efficient QMC sampling
(here we’ve taken ∆=0.2 in our simulations).
Once the ~Ti and ~Di operators have been expressed in
the dimer basis, we find that phases need to be intro-
duced on one sublattice of the (bipartite) binary tree lat-
tice formed by the dimers. This results in a minimum
number of positive off-diagonal (sign-problem causing)
matrix elements. In Fig. 7 we depict the orientation and
phase structure that we have used on the Husimi cac-
tus. Here arrows represent the orientation of the dimers,
and circled arrows mean that the Sz = 0 triplet on that
dimer has been given a phase -1. This results in Hamil-
tonian bond operators that have a sign structure labeled
by either 0 or 1 (see Eq. (A3) and Eq. (A4)). Notice
that arrows always point to type-0 and away from type-
1, while circled arrows point to type-1 and away from
type-0.
We choose to order the states in the two-dimer Hilbert
space as {|•〉, |0〉, |+〉, |−〉}⊗2. The diagonal part of the
70
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FIG. 7: Here, on an Nleaf = 3 system, we indicate the orien-
tation of the singlets (arrows) and −1 phases of the Sz = 0
triplet (blue circles) that have been chosen for the dimers.
This results in an off-diagonal sign structue of either type-
0 (Eq (A3)) or type-1 (Eq (A4)) in the Hamiltonian bond
operator. The corresponding types for this arrangement are
indicated between the dimers.
bond Hamiltonian is then expressed as:
Hdij = −J2 − JDni − JDnj −∆ +
diag(0, JDnj ,
JD
nj
, JDnj ,
JD
ni
, JDni +
JD
nj
, JDni +
JD
nj
, JDni +
JD
nj
,
JD
ni
, JDni +
JD
nj
, J2 +
JD
ni
+ JDnj ,−J2 + JDni + JDnj , JDni ,
JD
ni
+ JDnj ,−J2 + JDni + JDnj , J2 + JDni + Jnj ). (A2)
The off-diagonal part of the Hamiltonian can be ex-
pressed in the subspace: {|0•〉, |00〉, |0+〉, |0−〉, |+ •〉, |+
0〉, |+−〉, | − •〉, | − 0〉, | −+〉} as
H0∓ij = −
J
2

0 0 0 0 0 0 1 0 0 ∓1
0 0 0 0 0 0 1 0 0 1
0 0 0 0 ∓1 1 0 0 0 0
0 0 0 0 0 0 0 1 1 0
0 0 ∓1 0 0 ∓1 0 0 0 0
0 0 1 0 ∓1 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0
∓1 1 0 0 0 0 0 0 0 0

(A3)
corresponding to the sign structure of type-0 in Fig. 7,
and the type-1 is given by
H1∓ij = −
J
2

0 0 0 0 0 0 ∓1 0 0 1
0 0 0 0 0 0 1 0 0 1
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 ∓1 1 0
0 0 1 0 0 1 0 0 0 0
0 0 1 0 1 0 0 0 0 0
∓1 1 0 0 0 0 0 0 0 0
0 0 0 ∓1 0 0 0 0 ∓1 0
0 0 0 1 0 0 0 ∓1 0 0
1 1 0 0 0 0 0 0 0 0

(A4)
We have also indicated the signed (−) and sign-free (+)
Hamiltonian by using a superscript ∓.
Appendix B: Linear programming QMC
1. Generalities
As we have seen in Appendix A, the Hamiltonian in
the dimer basis is quite complicated. It is a 16 × 16
matrix with all diagonal matrix elements nonzero. Fur-
thermore, since all of the interactions have been gathered
into bond operators, the bond operators depend on the
coordination numbers of the sites.
In order to efficiently sample the partition function for
this model, one needs to solve the directed loop equations
[21] associated with each matrix element in the Hamil-
tonian. For this to be carried out by hand is overly
tedious, and prone to human error. We have there-
fore implemented a linear programming technique sug-
gested in [20] that, given a Hamiltonian matrix element
and a loop operator type, automatically determines the
possible update moves and probabilities with a minimal
chance of bouncing. This is computed for every matrix
element during the initialization of the simulation, and
these probabilities are then used during the loop updates.
We now describe the necessary ingredients for implement-
ing this technique.
2. Worm types
We begin by assuming that we have a loop operator
type defined by T (s) = s+, T †(s) = s-, also referred to
as a worm [20]. We also have that T (s-) = T †(s+) = s.
This defines a loop type that will be used to update the
spin states (s) attached to matrix elements in the imag-
inary time configuration. The notion of an operator and
its conjugate is important, since this defines the transfor-
mation that happens to spin states depending on whether
the worm is moving up or down in imaginary time. When
the worm is moving up one uses T to transform the spin
and when the worm is moving down one uses T † (or
vice versa). As an example, the bounce process corre-
sponds to changing one spin on a matrix element using
T (s) = s+, then immediately reversing direction (switch-
ing to the conjugate operator) and changing the spin back
using T †(s+) = s. Several worm types may need to be
defined in order to make the simulation ergodic. In prac-
tice this means that repeatedly using the various worm
types allows for the generation of any matrix element in
the Hamiltonian given any starting matrix element. We
have found that our simulations of the Husimi Heisen-
berg model in the dimer basis are ergodic if we define
two worm types:
T1 =
0 0 0 00 0 0 10 1 0 0
0 0 0 0
 T2 =
0 0 0 00 0 0 11 0 0 0
0 0 0 0
 (B1)
Where again the basis is ordered as {|•〉, |0〉, |+〉, |−〉}.
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<latexit sha1_bas e64="Fs7O3MY1IBbtVWZDAYvLSGShclw=" >AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKr kpSBcVVwY3LCvYBTQiT6bQdOpkJMxMxhI C/4saFIm79Dnf+jdM2C209cOFwzr3ce08Y M6q043xbpZXVtfWN8mZla3tnd8/eP+gokU hM2lgwIXshUoRRTtqaakZ6sSQoChnphpO bqd99IFJRwe91GhM/QiNOhxQjbaTAPlJB5 kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEG BVmB/eQOBk4hwjRlSqu86sfYzJDXFjOQV L1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpr iGM/X3RIYipdIoNJ0R0mO16E3F/7x+oodX fkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJ TW3QjxGEmFtEquYENzFl5dJp1F3z+vO3UW 1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8 gjfryXqx3q2PeWvJKmYOwR9Ynz+Ch5Ul</ latexit>
+<latexit sha1_bas e64="WDWqRWD+WATRkhIkIQ8Z286ksQo=" >AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQ kmqoMeCF48V7Ae2oWy2m3bpZhN2J2IJ/R dePCji1X/jzX/jts1BWx8MPN6bYWZekEhh 0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW +wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ +65FrI2J1j+OE+xEdKBEKRtFKD13kT4iYn U96pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJ Jjel4boJ+RjUKJvmk2E0NTygb0QHvWKpo xI2fzS6ekFOr9EkYa1sKyUz9PZHRyJhxFN jOiOLQLHpT8T+vk2J47WdCJSlyxeaLwlQS jMn0fdIXmjOUY0so08LeStiQasrQhlS0I XiLLy+TZrXiXVTcu8tyrZrHUYBjOIEz8OA KanALdWgAAwXP8ApvjnFenHfnY9664uQz R/AHzucP3piQ/A==</latexit> -<latexit sha1_base64="2vyUHoKWsUXV WR2yMCo/PPCZO2A=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPBi8cK9gPbU DbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGru L2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgO lAgFo2ilhy7yJ0TMzie9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3x S7KaGJ5SN6IB3LFU04sbPZhdPyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG 89jOhkhS5YvNFYSoJxmT6PukLzRnKsSWUaWFvJWxINWVoQyraELzFl5dJs1rxLiru3W W5Vs3jKMAxnMAZeHAFNbiFOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MH4aKQ/g==< /latexit> s1
<latexit sha1_base64="6a9rJqTBB4UC RvJ4s/xGPgGHfjo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUlUUFwV3LisYB/Qh DCZTtqhM5MwMxFDCPgrblwo4tbvcOffOG2z0NYDFw7n3Mu994QJo0o7zre1tLyyurZe2 ahubm3v7Np7+x0VpxKTNo5ZLHshUoRRQdqaakZ6iSSIh4x0w/HNxO8+EKloLO51lhCf o6GgEcVIGymwD1WQezyMH3NPU5HBuluHRRHYNafhTAEXiVuSGijRCuwvbxDjlBOhMUN K9V0n0X6OpKaYkaLqpYokCI/RkPQNFYgT5efT8wt4YpQBjGJpSmg4VX9P5IgrlfHQdHK kR2rem4j/ef1UR1d+TkWSaiLwbFGUMqhjOMkCDqgkWLPMEIQlNbdCPEISYW0Sq5oQ3P mXF0nnrOGeN5y7i1rzuoyjAo7AMTgFLrgETXALWqANMMjBM3gFb9aT9WK9Wx+z1iWrn DkAf2B9/gCA/5Uk</latexit>
s2
<latexit sha1_base64="Fs7O3MY1IBbt VWZDAYvLSGShclw=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSBcVVwY3LCvYBT QiT6bQdOpkJMxMxhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08YM6q043xbpZXVtfWN8 mZla3tnd8/eP+gokUhM2lgwIXshUoRRTtqaakZ6sSQoChnphpObqd99IFJRwe91GhM/ QiNOhxQjbaTAPlJB5kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEGBVmB/eQOBk4hwjRl Squ86sfYzJDXFjOQVL1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpriGM/X3RIYipdIoNJ0 R0mO16E3F/7x+oodXfkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJTW3QjxGEmFtEquYEN zFl5dJp1F3z+vO3UW1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8gjfryXqx3q2PeWvJK mYOwR9Ynz+Ch5Ul</latexit>
+<latexit sha1_base64="WDWqRWD+WATR khIkIQ8Z286ksQo=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeCF48V7Ae2o Wy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWc Xtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2J1j+OE+xEd KBEKRtFKD13kT4iYnU96pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvm k2E0NTygb0QHvWKpoxI2fzS6ekFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J 47WdCJSlyxeaLwlQSjMn0fdIXmjOUY0so08LeStiQasrQhlS0IXiLLy+TZrXiXVTcu8 tyrZrHUYBjOIEz8OAKanALdWgAAwXP8ApvjnFenHfnY9664uQzR/AHzucP3piQ/A==< /latexit> -<latexit sha1_base64="2vyUHoKWsUXV WR2yMCo/PPCZO2A=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPBi8cK9gPbU DbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGru L2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgO lAgFo2ilhy7yJ0TMzie9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3x S7KaGJ5SN6IB3LFU04sbPZhdPyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG 89jOhkhS5YvNFYSoJxmT6PukLzRnKsSWUaWFvJWxINWVoQyraELzFl5dJs1rxLiru3W W5Vs3jKMAxnMAZeHAFNbiFOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MH4aKQ/g==< /latexit> s1
<latexit sha1_base64="6a9rJqTBB4UC RvJ4s/xGPgGHfjo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUlUUFwV3LisYB/Qh DCZTtqhM5MwMxFDCPgrblwo4tbvcOffOG2z0NYDFw7n3Mu994QJo0o7zre1tLyyurZe2 ahubm3v7Np7+x0VpxKTNo5ZLHshUoRRQdqaakZ6iSSIh4x0w/HNxO8+EKloLO51lhCf o6GgEcVIGymwD1WQezyMH3NPU5HBuluHRRHYNafhTAEXiVuSGijRCuwvbxDjlBOhMUN K9V0n0X6OpKaYkaLqpYokCI/RkPQNFYgT5efT8wt4YpQBjGJpSmg4VX9P5IgrlfHQdHK kR2rem4j/ef1UR1d+TkWSaiLwbFGUMqhjOMkCDqgkWLPMEIQlNbdCPEISYW0Sq5oQ3P mXF0nnrOGeN5y7i1rzuoyjAo7AMTgFLrgETXALWqANMMjBM3gFb9aT9WK9Wx+z1iWrn DkAf2B9/gCA/5Uk</latexit>
s2
<latexit sha1_base64="Fs7O3MY1IBbt VWZDAYvLSGShclw=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSBcVVwY3LCvYBT QiT6bQdOpkJMxMxhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08YM6q043xbpZXVtfWN8 mZla3tnd8/eP+gokUhM2lgwIXshUoRRTtqaakZ6sSQoChnphpObqd99IFJRwe91GhM/ QiNOhxQjbaTAPlJB5kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEGBVmB/eQOBk4hwjRl Squ86sfYzJDXFjOQVL1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpriGM/X3RIYipdIoNJ0 R0mO16E3F/7x+oodXfkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJTW3QjxGEmFtEquYEN zFl5dJp1F3z+vO3UW1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8gjfryXqx3q2PeWvJK mYOwR9Ynz+Ch5Ul</latexit>
+<latexit sha1_base64="WDWqRWD+WATR khIkIQ8Z286ksQo=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeCF48V7Ae2o Wy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWc Xtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2J1j+OE+xEd KBEKRtFKD13kT4iYnU96pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvm k2E0NTygb0QHvWKpoxI2fzS6ekFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J 47WdCJSlyxeaLwlQSjMn0fdIXmjOUY0so08LeStiQasrQhlS0IXiLLy+TZrXiXVTcu8 tyrZrHUYBjOIEz8OAKanALdWgAAwXP8ApvjnFenHfnY9664uQzR/AHzucP3piQ/A==< /latexit> -<latexit sha1_base64="2vyUHoKWsUXV WR2yMCo/PPCZO2A=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPBi8cK9gPbU DbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGru L2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgO lAgFo2ilhy7yJ0TMzie9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3x S7KaGJ5SN6IB3LFU04sbPZhdPyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG 89jOhkhS5YvNFYSoJxmT6PukLzRnKsSWUaWFvJWxINWVoQyraELzFl5dJs1rxLiru3W W5Vs3jKMAxnMAZeHAFNbiFOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MH4aKQ/g==< /latexit> s1
<latexit sha1_base64="6a9rJqTBB4UC RvJ4s/xGPgGHfjo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBlvBVUlUUFwV3LisYB/Qh DCZTtqhM5MwMxFDCPgrblwo4tbvcOffOG2z0NYDFw7n3Mu994QJo0o7zre1tLyyurZe2 ahubm3v7Np7+x0VpxKTNo5ZLHshUoRRQdqaakZ6iSSIh4x0w/HNxO8+EKloLO51lhCf o6GgEcVIGymwD1WQezyMH3NPU5HBuluHRRHYNafhTAEXiVuSGijRCuwvbxDjlBOhMUN K9V0n0X6OpKaYkaLqpYokCI/RkPQNFYgT5efT8wt4YpQBjGJpSmg4VX9P5IgrlfHQdHK kR2rem4j/ef1UR1d+TkWSaiLwbFGUMqhjOMkCDqgkWLPMEIQlNbdCPEISYW0Sq5oQ3P mXF0nnrOGeN5y7i1rzuoyjAo7AMTgFLrgETXALWqANMMjBM3gFb9aT9WK9Wx+z1iWrn DkAf2B9/gCA/5Uk</latexit>
s2
<latexit sha1_base64="Fs7O3MY1IBbt VWZDAYvLSGShclw=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpSBcVVwY3LCvYBT QiT6bQdOpkJMxMxhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08YM6q043xbpZXVtfWN8 mZla3tnd8/eP+gokUhM2lgwIXshUoRRTtqaakZ6sSQoChnphpObqd99IFJRwe91GhM/ QiNOhxQjbaTAPlJB5kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEGBVmB/eQOBk4hwjRl Squ86sfYzJDXFjOQVL1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpriGM/X3RIYipdIoNJ0 R0mO16E3F/7x+oodXfkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJTW3QjxGEmFtEquYEN zFl5dJp1F3z+vO3UW1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8gjfryXqx3q2PeWvJK mYOwR9Ynz+Ch5Ul</latexit>
+<latexit sha1_base64="WDWqRWD+WATR khIkIQ8Z286ksQo=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeCF48V7Ae2o Wy2m3bpZhN2J2IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWc Xtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2J1j+OE+xEd KBEKRtFKD13kT4iYnU96pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvm k2E0NTygb0QHvWKpoxI2fzS6ekFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J 47WdCJSlyxeaLwlQSjMn0fdIXmjOUY0so08LeStiQasrQhlS0IXiLLy+TZrXiXVTcu8 tyrZrHUYBjOIEz8OAKanALdWgAAwXP8ApvjnFenHfnY9664uQzR/AHzucP3piQ/A==< /latexit> -<latexit sha1_base64="2vyUHoKWsUXV WR2yMCo/PPCZO2A=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPBi8cK9gPbU DbbTbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGru L2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9ci1EbG6x3HC/YgO lAgFo2ilhy7yJ0TMzie9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3x S7KaGJ5SN6IB3LFU04sbPZhdPyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG 89jOhkhS5YvNFYSoJxmT6PukLzRnKsSWUaWFvJWxINWVoQyraELzFl5dJs1rxLiru3W W5Vs3jKMAxnMAZeHAFNbiFOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MH4aKQ/g==< /latexit>
s3
<latexit sha1_bas e64="Q6uJUh5vsHWU1jRLC5zXUMVzE7M=" >AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKr kpiBcVVwY3LCvYBTQiT6bQdOpkJMxMxhI C/4saFIm79Dnf+jdM2C209cOFwzr3ce08Y M6q043xbpZXVtfWN8mZla3tnd8/eP+gokU hM2lgwIXshUoRRTtqaakZ6sSQoChnphpO bqd99IFJRwe91GhM/QiNOhxQjbaTAPlJB5 kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEG BVmB/eQOBk4hwjRlSqu86sfYzJDXFjOQV L1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpr iGM/X3RIYipdIoNJ0R0mO16E3F/7x+oodX fkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJ TW3QjxGEmFtEquYENzFl5dJ57zuNurO3UW 1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8 gjfryXqx3q2PeWvJKmYOwR9Ynz+ED5Um</ latexit>
s4
<latexit sha1_bas e64="PiJCEy94nbrhyhM5/PMDJJD0aKc=" >AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKr kqiBcVVwY3LCvYBTQiT6bQdOpkJMxMxhI C/4saFIm79Dnf+jdM2C209cOFwzr3ce08Y M6q043xbpZXVtfWN8mZla3tnd8/eP+gokU hM2lgwIXshUoRRTtqaakZ6sSQoChnphpO bqd99IFJRwe91GhM/QiNOhxQjbaTAPlJB5 kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEG BVmB/eQOBk4hwjRlSqu86sfYzJDXFjOQV L1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpr iGM/X3RIYipdIoNJ0R0mO16E3F/7x+oodX fkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJ TW3QjxGEmFtEquYENzFl5dJ57zuXtSdu0a 1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8 gjfryXqx3q2PeWvJKmYOwR9Ynz+Fl5Un</ latexit>
s3
<latexit sha1_base64="Q6uJUh5vsHWU 1jRLC5zXUMVzE7M=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpiBcVVwY3LCvYBT QiT6bQdOpkJMxMxhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08YM6q043xbpZXVtfWN8 mZla3tnd8/eP+gokUhM2lgwIXshUoRRTtqaakZ6sSQoChnphpObqd99IFJRwe91GhM/ QiNOhxQjbaTAPlJB5kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEGBVmB/eQOBk4hwjRl Squ86sfYzJDXFjOQVL1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpriGM/X3RIYipdIoNJ0 R0mO16E3F/7x+oodXfkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJTW3QjxGEmFtEquYEN zFl5dJ57zuNurO3UW1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8gjfryXqx3q2PeWvJK mYOwR9Ynz+ED5Um</latexit>
s4
<latexit sha1_base64="PiJCEy94nbrh yhM5/PMDJJD0aKc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkqiBcVVwY3LCvYBT QiT6bQdOpkJMxMxhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08YM6q043xbpZXVtfWN8 mZla3tnd8/eP+gokUhM2lgwIXshUoRRTtqaakZ6sSQoChnphpObqd99IFJRwe91GhM/ QiNOhxQjbaTAPlJB5kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEGBVmB/eQOBk4hwjRl Squ86sfYzJDXFjOQVL1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpriGM/X3RIYipdIoNJ0 R0mO16E3F/7x+oodXfkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJTW3QjxGEmFtEquYEN zFl5dJ57zuXtSdu0a1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8gjfryXqx3q2PeWvJK mYOwR9Ynz+Fl5Un</latexit>
s3
<latexit sha1_base64="Q6uJUh5vsHWU 1jRLC5zXUMVzE7M=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkpiBcVVwY3LCvYBT QiT6bQdOpkJMxMxhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08YM6q043xbpZXVtfWN8 mZla3tnd8/eP+gokUhM2lgwIXshUoRRTtqaakZ6sSQoChnphpObqd99IFJRwe91GhM/ QiNOhxQjbaTAPlJB5kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEGBVmB/eQOBk4hwjRl Squ86sfYzJDXFjOQVL1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpriGM/X3RIYipdIoNJ0 R0mO16E3F/7x+oodXfkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJTW3QjxGEmFtEquYEN zFl5dJ57zuNurO3UW1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8gjfryXqx3q2PeWvJK mYOwR9Ynz+ED5Um</latexit>
s4
<latexit sha1_base64="PiJCEy94nbrh yhM5/PMDJJD0aKc=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKrkqiBcVVwY3LCvYBT QiT6bQdOpkJMxMxhIC/4saFIm79Dnf+jdM2C209cOFwzr3ce08YM6q043xbpZXVtfWN8 mZla3tnd8/eP+gokUhM2lgwIXshUoRRTtqaakZ6sSQoChnphpObqd99IFJRwe91GhM/ QiNOhxQjbaTAPlJB5kWheMw8TXkKa40azPPArjp1Zwa4TNyCVEGBVmB/eQOBk4hwjRl Squ86sfYzJDXFjOQVL1EkRniCRqRvKEcRUX42Oz+Hp0YZwKGQpriGM/X3RIYipdIoNJ0 R0mO16E3F/7x+oodXfkZ5nGjC8XzRMGFQCzjNAg6oJFiz1BCEJTW3QjxGEmFtEquYEN zFl5dJ57zuXtSdu0a1eV3EUQbH4AScARdcgia4BS3QBhhk4Bm8gjfryXqx3q2PeWvJK mYOwR9Ynz+Fl5Un</latexit>
s3
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FIG. 8: The general set of processes that are required to
satisfy detailed balance among themselves. Here each process
and its conjugate are listed (aij and aji for i 6= j, where i
and j label the rows and columns in the table). The bounce
processes are along the diagonal aii. Here the color refers
to the direction of travel for the worm head. Green means
traveling up (transform spin with T ), red means traveling
down (transform spin with T †), and yellow means bounce
(don’t change the spin). The Wi are the values of the matrix
elements appearing in each row (some of which may be zero).
T1 simply raises the z-component of the spin in the triplet
sector, and T2 converts |−〉 → |0〉 and |•〉 → |+〉. There
are other combinations of worm types that are ergodic,
and it would be interesting to explore which combinations
are most efficient.
3. Matrix elements and detailed balance
We now consider a specific matrix element of the bond-
Hamiltonian, labeled by spin values s1, s2, s3, s4. Here
s1 and s2 label the incoming bond state and s3 and s4
label the outgoing bond state. This matrix element is
used to generate a table of update processes that to-
gether will be required to satisfy detailed balance (Fig.
8). This is done by selecting an incoming spin (for ex-
ample s1) and a worm type. In Fig. 8, green means
the worm is traveling up (use T to transform spin), red
means down (use T †), and yellow means bounce (don’t
change the spin). The Wi label the values of the ma-
trix elements appearing in each row. Each process can
be assigned an amplitude aij , where ij labels the row
and column in Fig. 8. The probabilities are defined
as Pij = aij/Wi. We then enforce
∑
j aij = Wi which
ensures that the probability for all processes in a row
add up to one. Finally, to satisfy detailed balance we
set aij = aji [21], resulting in only ten free parameters
(a11, a12, a13, a14, a22, a23, a24, a33, a34, a44).
4. The simplex tableau
We shall organize all of the information as follows:
a12 a13 a14 a23 a24 a34
a11 1 1 1 0 0 0 W1
a22 1 0 0 1 1 0 W2
a33 0 1 0 1 0 1 W3
a44 0 0 1 0 1 1 W4
z -2 -2 -2 -2 -2 -2 −∑iWi
TABLE I: The simplex tableau in canonical form, with the
bounces listed to the left as dependent variables. Setting the
independent variables to zero aij = 0 (i < j) (in the top row)
gives the initial feasible solution, which is the least optimal.
In this solution the bounce amplitudes are given by the values
in the last column and the bounce probabilities are all max-
imal. The “-2” values in the last row are the negative of the
coefficients in the objective function, and the bottom right
corner gives the value of the objective function evaluated at
the solution.
a11 + a12 + a13 + a14 = W1 (B2)
a22 + a12 + a23 + a24 = W2 (B3)
a33 + a13 + a23 + a34 = W3 (B4)
a44 + a14 + a24 + a34 = W4 (B5)
z − 2
∑
i<j
aij = −
∑
i
Wi (B6)
where we have introduced the objective function z =
−∑i aii that we wish to maximize (the same as minimiz-
ing the total bounce probability) and have re-expressed
it using the first four equations. We have organized the
equations so that the bounces are listed only in the left-
most column. As such, the bounces should be regarded
as dependent variables and are determined once the in-
dependent variables aij (i < j) are specified.
In Table (I) we have arranged the same information
into a simplex tableau [50,51]. The variables appearing
on the top row are regarded as independent, whereas the
variables in the left column are dependent. The values
“-2” appearing in the last row are the negative of the
coefficients in the objective function z, and −∑iWi is
the value of the objective function when the independent
variables are set to zero.
We see that setting the independent variables equal to
zero constitutes a solution to the tableau (solving the di-
rected loop equations). In this solution, the bounce am-
plitudes (aii) are determined by the rightmost column
(aii = Wi and Pii = 1). Though this is a feasible solu-
tion, it is the least optimal. We can therefore look for
another feasible solution that increases the value of the
objective function. It is clear that the objective function
can be increased because the values in the last row are
negative. This means that the coefficients in the objec-
tive function are positive, so increasing the independent
variables increases the function. Conversely, if we had
all positive entries in the bottom row (except the bottom
right corner), we would find an optimal solution by set-
9ting the independent variables equal to zero. This would
mean that the coefficients of the objective function are
negative, and so the best we can do to maximize it is to
set the independent variables to zero.
The simplex algorithm [50,51] (this appendix follows
Ref. [51]) allows us to cycle through the possible solu-
tions, while systematically approaching an optimal so-
lution. This is done by exchanging dependent variables
with independent variables via the pivot operation. Once
one has pivoted such that all the “-2” values in the last
row become numbers greater than or equal to zero, an
optimal solution is found. The amplitudes in the top
row are zero and the amplitudes in the left column are
given by the values in the right column.
5. Pivoting
We now describe the process of exchanging a depen-
dent variable for an independent variable, which is re-
ferred to as pivoting. This corresponds to solving one
equation for an independent variable (say a12) and using
this equation to replace the occurrences of a12 in all other
equations, including the objective function.
Two things happen to the simplex tableau during a
pivot operation. First, the dependent and independent
variables trade places in the tableau. So if we chose to ex-
change a12 with a11, then a12 would be written in the left
column in the original location of a11 and similarly a11
would be written on the top row in the original location
of a12.
The other thing that happens during a pivot is that
the values in the tableau will change. This includes the
weights in the right column, the negative coefficients of
the objective function in the bottom row, and the value of
the objective function evaluated at the solution (bottom
right corner).
There is a simple set of rules to describe how these val-
ues change after a pivot, which is summarized in Table
(II). Here p is the pivot element itself, which is in the
row of a dependent variable and a column of an indepen-
dent variable. After pivoting this element goes into the
reciprocal of itself. All elements in the same row (except
the pivot element) get divided by the pivot. All elements
in the same column (except the pivot element) get di-
vided by the pivot and multiplied by −1. And finally,
all elements q that are neither in the same row nor the
same column change to q − (rc)/p, were r is the element
that shares the same row as the pivot (above or below
q) and c is the element that shares the same column as
the pivot (to the left or right of q). Again, these rules
are to be applied to all of the values appearing in the
tableau (excluding the cells that label the names of the
variables).
p r
c q
1/p r/p
−c/p q − (rc)/p
TABLE II: A summary of the rules for pivoting the sim-
plex tableau. The pivot element goes into it’s reciprocal,
the pivot row (except the pivot) gets divided by the pivot,
the pivot column (except the pivot) gets divided by the pivot
and multiplied by -1, and all other elements q get reduced by
q → q − (rc)/p. Here r is the element that shares the same
row as the pivot and the same column as q, and c shares the
same column as the pivot and the same row as q.
6. The simplex algorithm
We are now have all of the ingredients to perform the
simplex algorithm to systematically approach an opti-
mal solution. This tells us how to choose our pivots so
as to improve the solution. The rule is the following:
take any column j (corresponding to an independent vari-
able) where the value in the last row is negative, this is
the pivot column. Next consider all the possible pivots
pij > 0 in column j (corresponding to different depen-
dent variables). The one with the smallest value W˜i/pij
is chosen as the pivot, and if there is a tie any one can be
chosen. Here W˜i designates the current value in the last
column of row i. This procedure is iterated until all the
values in the last row (except the bottom right corner)
are positive or zero. When an optimal solution is found,
the independent variables are zero and the dependent
variables take on the values in the last column.
We can notice some properties about this algorithm.
Firstly, all of the weights W˜i remain positive. This comes
from always choosing the pivot with the smallest value
W˜i/pij . Also, the value of the objective function in the
bottom right corner will alway increase or stay the same.
This comes from the fact that W˜i is always positive (or
zero) and we always choose a pivot column with the last
entry negative. We are guaranteed to be able to apply
the rules of the simplex algorithm. For example, one
will not encounter a situation where the pivot column
contains only negative elements. If this is the case then
the problem is unbounded feasible, which will not occur
here.
7. Example problem
We would like to illustrate the simplex algorithm in
action by providing an explicit example. We will consider
a set of matrix elements and update moves that appears
in the Heisenberg antiferromagnet in a magnetic field.
H =
∑
〈ij〉
(
J ~Si · ~Sj − hb(Szi + Szj )
)
. (B7)
Here the hb = h/Nc (the external field divided by the
coordination number). On a bipartite lattice the Hamil-
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TABLE III: The initial tableau in canonical form. The first
pivot is chosen at (2,1).
a12 a13 a14 a23 a24 a34
a11 1 1 1 0 0 0 2hb
a22 1© 0 0 1 1 0 0
a33 0 1 0 1 0 1
J
2
+ hb
a44 0 0 1 0 1 1
J
2
z -2 -2 -2 -2 -2 -2 −(J + 3hb)
TABLE IV: After the first pivot. The next pivot is (1,2).
a22 a13 a14 a23 a24 a34
a11 -1 1© 1 -1 -1 0 2hb
a12 1 0 0 1 1 0 0
a33 0 1 0 1 0 1
J
2
+ hb
a44 0 0 1 0 1 1
J
2
z 2 -2 -2 0 0 -2 −(J + 3hb)
TABLE V: After the second pivot. The next pivot is (2,4).
a22 a11 a14 a23 a24 a34
a13 -1 1 1 -1 -1 0 2hb
a12 1 0 0 1© 1 0 0
a33 1 -1 -1 2 1 1
J
2
− hb
a44 0 0 1 0 1 1
J
2
z 0 2 0 -2 -2 -2 −(J − hb)
TABLE VI: After the third pivot. The next pivot is (3,6).
a22 a11 a14 a12 a24 a34
a13 0 1 1 1 0 0 2hb
a23 1 0 0 1 1 0 0
a33 -1 -1 -1 -2 -1 1© J2 − hb
a44 0 0 1 0 1 1
J
2
z 2 2 0 2 0 -2 −(J − hb)
TABLE VII: After the fourth pivot. The next pivot is (4,3).
a22 a11 a14 a12 a24 a33
a13 0 1 1 1 0 0 2hb
a23 1 0 0 1 1 0 0
a34 -1 -1 -1 -2 -1 1
J
2
− hb
a44 1 1 2© 2 2 -1 hb
z 0 0 -2 -2 -2 2 −hb
TABLE VIII: The final tableau with an optimal solution.
a22 a11 a44 a12 a24 a33
a13 -
1
2
1
2
- 1
2
0 -1 1
2
3hb
2
a23 1 0 0 1 1 0 0
a34 -
1
2
- 1
2
1
2
-1 0 1
2
J
2
− hb
2
a14
1
2
1
2
1
2
1 1 - 1
2
hb
2
z 1 1 1 0 0 1 0
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FIG. 9: The directed loop moves for a set of matrix elements
of the Heisenberg model in a uniform magnetic field. Un-
shaded (shaded) circles mean spin up (down), and the color
represents the travel direction for the worm. Green is travel-
ing up, red is down and yellow is bounce. The weights on the
right are the values of the matrix elements in each row.
tonian is sign-free, and by a constant shift of −(J4 + hb)
and a sublattice rotation, can be written as
Hij = −

2hb 0 0 0
0 J2 + hb
J
2 0
0 J2
J
2 + hb 0
0 0 0 0
 . (B8)
One then needs to consider the table of update moves
in Fig. 9, where the up spin is denoted as an unshaded
circle and the down spin is shaded. Again the colors
indicate the direction of the traveling worm head (green
is up, red is down and yellow is a bounce). The worm type
in this case is chosen as the σx operator (T = T † = σx).
To determine the update amplitudes aij of the pro-
cesses contained in the table, we initialize the simplex
tableau as in Table III. Here we have circled the first
pivot, and in the following pivots we assume hb  J .
In this limit an optimal solution is thus given by a13 =
3hb
2 , a14 =
hb
2 , a34 =
J
2 − hb2 , with the other amplitudes
zero. Here the bounces can be completely excluded, as
seen by the value of the objective function in the final
tableau.
If instead one considers the case hb  J , a different se-
quence of pivots, given by (2,1), (3,2), (4,3), gives an opti-
mal solution with a11 = hb−J, a13 = J2 +hb, a14 = J2 , and
the rest zero. Here bouncing cannot be avoided, though
in practice one could further shift the Hamiltonian which
we have not done here for the purpose of illustration. We
note that we have just chosen these two limiting cases to
illustrate the method. In reality the simplex rules are
applied for any numerical values of the couplings.
8. Cycling
We would finally like to comment on one possible is-
sue that could arise in the general use of this algorithm,
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although we have not encountered the problem in our us-
age. For convenience we have always assumed a 4×4 ma-
trix of update moves, where some matrix elements could
be zero. We see that pivoting on these rows does not
change the value of the objective function, and it could
happen that a sequence of moves returns the tableau to
a previous state. This would result in an infinite loop
where the simplex algorithm fails to terminate.
This can be remedied relatively easily by increasing the
size of the simplex tableau. One regards the elements in
the last column of the tableau as being row vectors, and
replaces those initial elements with W1 → (W1, 1, 0, 0, 0),
W2 → (W2, 0, 1, 0, 0), W3 → (W3, 0, 0, 1, 0), W4 →
(W4, 0, 0, 0, 1), −
∑
iWi → (−
∑
iWi, 0, 0, 0, 0). We then
compare vectors by their lexicographical order, meaning
Wi <Wj if the first differing element between the two
is smaller forWi. For example (0,1,1,3,4) < (0,1,2,2,4).
Now the only change to the simplex algorithm is that
when we select the pivot row, we must choose the pivot
pij > 0 with the lexicographically smallest W˜i/pij . It
can be shown that pivoting according to the rules of the
simplex algorithm always increases the lexicographical
value of the objective function. Since the value always
increases, this process must terminate with an optimal
solution, else the problem is unbounded, which is never
the case here.
It also seems likely, and certainly more simple, to avoid
cycling by choosing possible pivot columns randomly as
opposed to sequentially. Again, we have not needed to
take such precautions as this issue has not come up in
the various contexts where we have used this algorithm.
